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ABSTRACT

Time fractional partial differential equations refer to a class of equations con-
taining fractional partial derivatives in time variables. Because the fractional dif-
ferential operator has nonlocality, it is more suitable for describing physical pro-
cesses and complex systems with memory qualities. Thus, it is widely used in
many disciplines such as physics, biology, material chemistry, and sociology. How-
ever, most of the analytical solutions of fractional problems contain special func-
tions that are difficult to calculate, and even more often it is difficult to find an-
alytical solutions. Therefore, it is necessary to construct efficient and stable nu-
merical methods. The numerical formats constructed by the convolution quadra-
ture(CQ) have high-order convergence and stability property, which have attracted
widespread attention. However, for the initial value problem that does not meet
the compatibility condition, the solution is weakly singular around ¢ = 0, and the
CQ methods usually have only an O(t) convergence. Therefore, people began
to construct the corrective methods for the original formats to restore the desired
high-order rate.

In this paper, by studying the numerical solution of the time fractional dif-
fusion equation, a new initial correction scheme is constructed for the Crank—
Nicolson method?3]. The main results are as follows: First, we introduce the con-
struction process of the fully discrete Crank—Nicolson scheme in detail. Before
the initial value and the source function of the standard Crank—Nicolson format,
a correction item containing unknown coefficients is added. It is expected that
the accuracy of the standard format can be improved by selecting an appropriate
correction coefficient. Using mathematical tools such as Laplace transform, the
integral expression form of the numerical solution is introduced, and the error ex-
pression is further obtained. Then, the second-order convergence is used as the
standard to determine the correction coefficient, and a new correction method is
constructed. Then, we use the finite element software package FEniCS to solve
several specific equations to verify the convergence of the correction format. The
numerical examples show that when the initial value does not meet the compatibil-
ity condition (boundary condition), the correction method indeed has second-order
convergence. Finally, taking the initial value that does not meet the compatibility
condition as an example, this paper compares the numerical results of several CQ-
type numerical formats, and finds that when using the same grid scale and time

step, the new correction proposed in this paper has the smallest error.

Key words: Crank-Nicolson method, initial correction, time-fractional order, con-

volution quadrature
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d’u(x, 1)
dx?

T R R 2, NAHJEE, 288 7 BRI 52 2] 7
Kbk 2 By, A TR R AR HER Sy . LR THE R R KR
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ik RAeis 2] —Milest. N7 % BDF2 FIFEEEHEm 3 0y, ERFRY B s
FEid A2, Lubich? Z5EW]UG 5% BDF2 #2047 T — 58 E. B 7 2Pk g,
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WDIf(0) = 1/T(m - a) f (= oy o oy dr
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AL F(w) 5 f(r) Z B0 SEPRAE S B 3002 e (CRap PR RIS AR 4 ) . FH 6
F Rk, B
[t = Z'[F(w)].

PERR 1 B3 B AR e . SRR, SR .
o PR EN
FLf(t - tg)] = e F[f(1)],
FF(w-wy)] = e FF(w)],
;H\:EP’ to *D Wy %ﬁi&o

« o
BCRRHL f (1) 7E (—o0, +00) LIELEEU ARG A RAW] L [H] s, N
il = +oo I, f() - 0, N

ZIfP0] = ()" Z[fH] (n©=0,1,2---);
2 [ e ol diesi,

FUF(w)] = (it)"Z ' [F(w)] n=0,1,2---).

R 1 (RITGRUYAR) B9 IR f() 7ERHEEICH D WARHT, C 9 D WIES—
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ZD;If (t) = aD? [f - Tm—l [f’ Cl]] (t),
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-
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) Galerkin A FR e /5%, 7EWS (8] FA8 A B Dimitrov®2! £ H I AP KT 78
X =7, AP SE3 BB Galerkin A7 B 7o 77 V28142 B HL ) Crank—Nicolson 4%
AT



¥ )t 2 42 RPN GBSO

Alm Alm

71-/7-4—————0 — AR RIS~~~ — — ~

—In(p)/T Re

@ Iy (b) Xz
22 R T FMXHE = PR REE

22.1 =g

ARTHEHBRA

Galerkin A IRIE I EFEATT 400 3 5 KIRM A i SCHIRCH M=,
TN,
$ d HEIKE Q = 4 BORARKRI (4] d 63070 B, BERURE RNy
By SEEAESS A By TEREHIZY By b, FRATRE X AN BSR4 M TR 6 2
Xh:
X) = (v € HY(Q): vyl —MEMERSL. VB € By,

TEREA RIT I X, Ja, JetkikoE L LAQ) w1a], HyQ) [ 2] X, KR
Ph %IJ Rh:

&

(Pro, xn) = (@, xn)s Yxn € Xu,
(VRyo, Vi) = (Vo, Vi), Yxn € Xp,
E, BRATEXERTANE X, FREER SR HE T A, X, = X,

—(Anons xn) = (Von, Vxn), Yon xn € X,

Hor () Fox L2Q) RN BHSCERES 2T En B Bloh % B B A MR
7€Xy:=1{z€C\0: |argz| < 6} #H |l(z— A7 < clz™! WL, HA 6 € (n/2,7).
WA —NEE o RKBT 0 F o) FEMERE z€ 20, 1% — A7 < clz™
BT

RJE, ATCL —4EZS 0 N6, HR¥E Galerkin A R yc i vEEH e (1-1) B4R
IR BT (1-1) I L — MEEM x, € X, T, FXTHICT XK Q
ATy, AT RALS 2

[ @ru=du- pyas <o,
Q

10
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f@fu)(hdS —ff)(hd5+f—Au)(hdS =0.
Q Q Q

M H Green 28—/ 2 AT 41,

oudy, Oudy, ou
—Auy,dS = — X + —Z—)dxdy — —xnds,
fg e fg(ﬁx 0x " ady oy Jdxdy 50 Bn/\/h >

HIES)

Hort m R XA 5t 0Q B ERAL AN R, Ou/on & u It m 87 )4 1 A R

TG [ A8 SR
ou
f —xnds =0
Fle) on

Oudy, Oudy
—Auy,dS = — —— + — ——)dxdy.
L e fg(ax ox 0y Oy Jdaxdy

PRI LA T ) AL D SRR () € X» BHE XTI un(0) = vy, € X, I,
ik i A2

’ %%ﬁ

_(aguha)(h) + (V’/lh, VXh) = (f, Xh)’ th S Xh- (2-1)

vy BEEBITYME v 6 THRT, 2y e L2 Q) B, Blv, = Py, Hve D) =
Hy(Q) N H*(Q) I, B vy, = Ryvs

R e AERE A X, B EER R i x 2 (2-1) #HAT T, i — 2 i)
WA N - %"ﬁi@ﬁ up(t) € X5 MWME u,(0)=v, € X, Eﬁﬁl Ju(®) = Pf(2) i
g H 2

af‘uh(t) — Apuy(t) = fh(t), Yt > 0. (2-2)

Jinl?2 2 S L ZHIERH T Galerkin A R 76 B 8k 0 (2-2) R T MIASREE 7 B
AW, Al T ERE, BAANESEEH (2), TAECHHE
I HEBEBSUE T IX— 2510 PUAEA ST AT oGy #& 30 (2-2) 7200 N [R] 5
BUG #4315 [ Crank—Nicolson #% 2 ¢ T 20K  BRZE AL 11

SEHL 2 02y Ay, SYHIFRTR TR (1-1) HORS TR B8 ok 20 (2-2) O, HME
ve H!, ¢=0,1. MW v, =Pwv, &1, =|nk, NFH

() = u@OIl + AV () — u@)ll < ch* L |||, q=0,1.
R, URE v R, WL v, = Ryv I,
llun(t) — u@®ll + hlIV un(t) — u@®)ll < ch*vl,

P IV (t) = @)l < che P ||vll;.

11
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#r/8 Crank—Nicolson £ B 81#& 3K

MRS (1) H Caputo 7 FU 5205 Riemann—Liouville 733 S 41K £
0% f (t) = Koo [f() = £0)], FATAT LK B 8s = (2-2) Befbo:

222 BfE

RO () = vi) — Mg (t) = (). (2-3)

XX A [0, T1 #EAT A8 55, 88 {t, = nt}Y, » BFABK 7= T/N, N e N F|
FHBR$E 7] )5 5 AL A AR 4 (1-4) K35 B Riemann—Liouville 65 57 Ko (t,)
I H R REIA R O(r) K5 EE, BRI 1 SE3 O(r%) K 1E,  Jinl?) S5 i (d) 5L A e 15
BT —Fr G AER 0 BT, B RNAHMES IR,

Bk o fER PO, H <0l ¢ =0, IAmE

(1) := T“’Zb it — j1)
j=0
1t =1, R 5T7IE (1-4) — 8, Hifig
F0%eD](¢) = f 0% p(te " dt =T‘“Z f bip(t — jr)e " dt

=71 —e ™) F ) = (&)1 - 21+ OT°E)).F p(é).
AR 8 A e P i,
FR0tp(t — 9)1(€) = (€)™ F &) = (1&)(1 - isé + O(s°EN).F (&)
WRIELL R, Mk s = ar/2 AT LS 3
3%p(t) = a7 p(t — at/2) + F O E)(6)" F p(€)]

=R0%(t — at/2) + O(1%)

= (1= e) + 270t — 1) + O(T).
ik, &t=1t,, BHEE (2-3), BIA#E4EHUR 93509 Crank—Nicolson #% 21

[0

aa n a n
BT(Uh - Vh) - (1 - E)AhUh - >

a a
MU == DF+SF. (24

2.2.3 Bf[a

Crank—Nicolson £ B &IFF L&\

M RERIE u Y6 B e B SRS, AR#E Crank—Nicolson /772 (2-4) 7]
PLIE B 1 B RSB S =, (B %0ME v FUA a0 F AFHERE, 7 RE 1 55 i
t =0 EAF R, EYME v FIA I £ /26, Crank—Nicolson 4% =@
R BEA st X—IMEEBYME v M f FEW, T2, N T RERZET
E RS, A CHE A AEYIE v AA s AIME £(0) #HC R 2 /3% n s 1k
#3 ay, %I Crank—Nicolson #% 3\ (2-4) MAIEE AT IE, W16 24 ik -

3UL =) - (1 - %)A,IU,II _ %AhU,? = (A + FO) + (1 — %)F,i + %Fg,

12
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R4 v, = U) E— D88, W ER 2 <n < N):
3 (U =) = (1= DU, = (5 + @)@y + F) + (1= DF},
a n a n @ n— a. ., a
eza@—vw—(l—ayMUh—zAM@1:(L—§ﬁ¢+§Fhk (2-5)

H AT AR AL ap RARFNA, AR ZAF B LA 20 il S X — B 2 ok i
RHE S . FEBLZ AT, $ATI T BESEHRYEHE )~ 88 i A 2 B FOUF LA ORI EL A 1)
B RIBHA, HARIRZRIEI, FRYE Bl Sk e o e, A
bcias 6 KR TIEE 8

23 BRI SFRIEAER

BUE R AR 2 FIE T 20 IE W 50 BB 7 VRIS 1 B B e, AR AUl
B P 7 B 2 A SR B e AR R A, AT At e ARy RIE T A, R
A1 I R F 3 4 AR e R AR ek 4 (BERR 0 ST a AR 43 A SUHE R Galerkin
A BRIt B HiRs 20F1 Crank—Nicolson 4= &5 HUFF IE A% :UBUE AR 2 KB B A

70 IE T Z AT RA VM A T8 TAE. v 78T P 2 g A 4 B L
fRIRZE, BATEA I £ J759°8 £0) A1 R Wik, B f(£) = f(O)+R, R&Z
ﬁ&%%%ﬁ%ﬁ%:Rmf@+mﬂﬁ%%%,ﬁﬁ%&i&@%%%%%@
Ja ST X TAERRA {g"), € PLA(Q), HAMBRECN 36 = nZOg"f"(f € D),
H g&) ZRALEE D o —MENT R L
23.1 FEHENBER

W Galerkin 3= 255U SNBUE RN wi(t) = up(t) — vy TR, wi(0) = 0. B wy(f)
FRNFE (2-3), FTHTEREL wy, (1) W 2 «

Ro®wi(t) — Apwi(t) = Apvy, + fi(D).
1M1 EH wi(0) = 0 FIVERE (1) ATHERS R00wu(r) = 0wy (), TRH
0wy (1) = Apwi(t) = Apvi, + fin(2).
ot ERBEAT Laplace ZHIFRNAA RIS g = 25— 227 '0(0), BAHE:
2Wn(2) = A2 = 2 A + fi().
of b ST R 15
Wi(2) = @ = A7 (7 A + fil@) = —K @Ay - ZK@Fil2),
TR R B R A, B wi(0) 1 TR R A

1 —
wilt) = fr e (-K@Awy - K@) fi2) dz (2-6)

13
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HARE K@) = 27" =A™ B Ty, 2 XON:
Ths=1{z€C:l|z7=6]argz] <O U{zeC:z=pe’ p>6), 60¢n/2,n].
B 0 = f0) + RN (2-6) 2, HBLHFi A e A 20T 153
)= 50 | e (K@ G 10 - KR o) e @7)

232 EEHMIERNBIER

WA BT HUE I (2-5) MBUEM Y W = Ul — vy, B WY =0, Wi~
B (2 <n<N):

W — (1 - %)Ahwl = (1 + a)(Ayvy + FO) + (1 — %)R},,
drwr — (1 - g)AhW” - %Ahw;;-l = Ay + FO+ (1 - %)RZ + %RZ‘I, (2-8)

ﬁTﬂEﬁH%EBZIZI%FQ%Z%IA, AT Fy 2 SGEATY E: 2n > NI, £
Fr= BAR, F, BY RE SO T Witn = 1,2,...,N) BHEERA#W . TRATER
i (2- 8) E’Jﬁﬁ NFLIXT R €& € D), FXT n=1,2,... FgERKM, ATLIFE3):

Za“W"g Z(l——)AhW”g Z ShWle!

n=1

= (Awvn + F,?)Zf” + ax(Ayvy + F)E! (2-9)

n=1

+Z(1——)R§ +ZZR”1

RS W) = 0 B HEE RN, FATH] LIS 2

FUWE" = 77(1 — &) W, (),

[Me

1

S
1l

e

(= Domawy + Sawy e = (- 5) + Se) Ao,

S
1l
—_

F

(Apvi + F,?)Zf" + AApvy + fOE = (Apvy + fho)(li—g +28),
n=1

- a a, a a, —
;a 5+ FORE = (1= + SORE).
LA B2 RN (2-9) AT 1S
L= W) — (1 = DA - SEMTE

— (A + F,3)<li_f Faf)+ (-5 + SORE), (2-10)

14
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EASURSLibT S Ll

Wil&) = (B(6)" = A~ (@) (Apvy + F2) + Ry(6)),

y
|

- 1-¢ P P :
PO = e MO =330 g D @D

AR, Wi(&) TEJE S ST & RN, W Bkl pa s AR A8, 4T p e (0,1)

1 _
P EMIWL)dE.

271 Jigi=p

Wi

2 & = e X AT HOT, B XIEIAN T7 (7 A EAA S UG 2), T
H:
T —_—
Wy = ol fr , e Wy(e*)dz.

AW p(e™) M Ry(e™™) 1 z € C\(0} L RMHTI, 1513 20 W R R R HT
Be(&)* = A" KT Z FEXIR Z € C b, Hrb T ik 17, I, MK EL
R=+in/t (MWERA) SEER. Hik, £eCH, enWye) KT 7 £ %
o T, HEfohm e, AT LS.

n T T
Wy = ol f e W, (e5)dz

— L eztnﬁ'/h(ez‘r)dz + if eZt"Wh(CZT)dZ _ Lf CZI”Wh(CZT)dZ
gyé 27Tl i 2 i

27 Jr R+ 7i Jp_in

T —~
2— e W, (e)dz.
i Jrr

Hifs wy BRI RIEAN

1 —_
Wy = — f DB KB (e A + ) + Ry ™) dz. - (2-12)

2 Jr

24 HEESHERR

T B TH A 52755 P 224215 21 Galerkin A5 PR 762 85 0 20F1 57 16 4% X A0 B0 iR
IR KX A, XA T B AR & ) — LA R B AT 0 B, DA i
AT AR R e B IEAE N, T o B E R B DA R R A%
241 HESFFIEAEN

E et (2-7) Ml (2-12) RO AL, AR DA, A TR ERE
BAT O BB, W Tz e Iy, A% 2 -

= [7B-(e K (B-(eNu(e™) — K@)l < c7?, (2-13)

15
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117 = A AT ] A3

I = |[tB-(e™ (e )K(B(e™)) = K(2)) + (7B(e"u(e™) = DK
< [B (e e NK B (™)) = K@l + [7B:(e™ u(e™) — LK )|
=L+

HASEXT KK = IK(B-(e77) — K@)l HEAT 73 HT:

KK =117 " = A = Bele™) ™ Bele™)" = A7l
=l G = AT = Bele) (@ - A
+ B ) @ = AT = Bele™) T (BeleT) = A7
= llz" = A7 @ = Bele™)
+ B (@ = A = (BT = A7)
<" = Al = Bele™) )
+ 1B I = AT = (BT = A7l
Jinl5 L T (B (e 127! = Bele™ ) BB NI = A = (Bele™) = Ay 1K)
Y [ Al
colzl < |Bee™)| < crlel, [ = Bele™) | < c7led
I =A™ = Bee™) = A7l < el

PRIt FATAT LB 2] K (B(e77) — K@l < er?lz'™ BRI IE R KL a; B
Al fE, FATERAT LA 1 < e 28110, L F K@ < clzl™' 7% [18:(e™u(e™) — 1|
HIME S8 1E R E a, R, BIERE— B AT IS BIA SR (2-13) BOLHIFE 70 5%
(ESF

[tB-(e™u(e™) — 1] < clefP. (2-14)
242 BIERBOKMR
B 2-11) FRTARN 2-14), HH e B#HATH0 &, 73

a a
(1= 5 + eV (@™ + ae™ (1 — ™)) = 1] < clefr?

2772
TRA:
(1= 24 Ty e ™ + axe (1 e ™) = (1 - 2 + Te)!*4|
2 2 2 2 (2-15)
< clz*r>.

MHFIE 2 7011 - & + S| HRHFER, Mo, HERK (2-15) FH0h T

e+ axe (1 =) = (1= 3 + 7 ) < el (2-16)

16
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B h(z) = (1 - %+ e )V R Taylor JEJT, W LIS E]

1 . P a a _\
M@ =1+ 5 - 1)+;C(a,k)(—§+—e )

2 (2-17)
1
=1- 5(1 —e ) + O(|zl*T).
T+ L = ] 4
a «
A= Tl —e My = (1 = = 7o+l /e
e +ae " (1—e™)—( 2+2e)
=e T +a(l-(1-e)-e™)
@ -7 1 -7 2.2
(1 a-e ))(1 S(1 =) + O(ePr ))
=a(l—e ) —ay(l —e )P +e & (2-18)

1 Y 2.2
_(1_5(1_6 ) 2(1 e )+0(|Z|T))

1+
2

)(1 = &™) + O(lz*7?).

a1 —e ) = (1 - ) + ——((1 — &™) + O(Iz21)

l1+a
2

Rk, 24 a, = 5 BASER (2-14) or, FAVRE—DHERKR (2-5) A
IR Q2<n<N, v = Ug):

=(a, -1+

_ 1
3} — v — (1 - %)AhUl = S+ F) + (1 - %)F,i,

= a (07 a 07
Uy =vi) = (1= MU} = SMU" = (1= )F} + ZF (2-19)

2.5 AKRENG

EIX —FIRA TR | — LA 2 F 21 10 A e ME & S M Joia DL A AH 9% 1)
SIEEEE, TR B T B IR YO R (1-1) AR HE Crank—Nicolson
F (2-4) BIHES SRR, 23 NS e S ORI B BS RO 843, IRea B S B R e R AL
R— 2 A& X (2-5). 25, RIERER AT (AR, A R FORTR] PR 45
ARFH Y THAR] 12 S 5Us 4 BB Bk BB AR o Rk (2-7,
2-12). Wb — B HEH R IERE N RERIA N UL Pl st gi 1T 201, e
THRIEAEN (2-14), HEHIFIERR 0 = 5%, READF]—BHIERK L (2-19).
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EB=F HEWAESSH

X —5d, IRATTA A PR CHELE FEniCS, HE4E 55 1E#% 204 5 X6 . f#) Python
i, AR REHATHE TS, BIEF e TS vERE . FRATCE IR i
CLENT (a) SRAS LA IE BB 7 VR R, 2 J5 A B DU BRI EE ) 75
W A% 3 (2-19) T B 1) e St 47 36 1E -

@) v=0, f=2"%1-x)/T3 - a) + 22, ¥EHafRu(x, 1) = x(1 - x);
®)yv=x(1-x), f=0;

©v=xy(1-x)(1-y), f=0;

(d)v=0, f=cos()(1 + x,1/2(x));

(e)v=0, f=2+T(1 + a)x(1 - x).

FA ] (d) F I xo.1/2(x) Fan x il EIFIXTE] (0, 1/2) BIRFERKE . EEUHLL L
AR FIVIE v SA5IF 35 R A B I s, A WIS A b I
B AW R, A WAHEF DA b E N 25 . thah, et
T LR R E . AR, BT DL BT BUE SR A R, AT LA
T B A TH IR B IE A% S B S A

[FE, EEraP K o, B RE b, FIH— 55 IER 2 (b) A
JUSCERRY, CAIRAIE e R (2) HFHR S 18 212 B U e T M R h B
S

FERIIE T — B Bk (2-19) WSS, [5E WMAS REE b, FERF R K 7
RFF— BT, EEH (b), X—BHrERN (CN-1), =B JE 2 0% 0
(SBD)1®!, Crank—Nicolson #%{ (CN) LA K & I 28 5 1E 4% 23 (CN-2) it
BEAT HEEL

DA b3 20 110 DU A B (A 0 25 ()b 284 FH 40 B S ME A R e v, IR
FEIE 2 — MR/ A R b 5, (RSCHEE h =10e-3), 2SR B BT B R 2
HEAT DA ZBEANTE, BATT T B R B s R 2 . B TR 2 B A B
TR, BATH NN S KA SR (EE 1, =10e-4), R
WA SRR B S R EREL AR TR L% R 22

3.1 HrEARTNUSERYIRIE

3.1.1 BB 77 s St B e

BATE IR T R RE45 9 N = 10,20, 40, 80, 160,320 43, ST AREIK a0 <
a < 1), FIH—SHEKRR 2-5) 5 1y = | BEBUERR SFEFfE (S5 1) L2 %
Fo EH, BRG] (a) B BUERR SRS 0 AR R 25 SR AG 36 BT AL i 1) BB SV 1

18
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HERATE . BESS RINE 3-100R, FAER 3-1FXE T @ =05, N =160 7y =1
b BB RIS i . IR R BATT T A BB R AR Z AR, T B2 T =
BRSSP BN A 3 (B 75 10 /8 IERA ) o 2 5 AT I 1 DY WAE 2 AT AN AR
BB HEAT FFE SR TR, IPREERIH .

#3160 (a) oy = 1 289 L2 iRE (—HHFERR)

a\N

10 20 40 80 160 320 T4

0.25 1.26e-05 3.13e-06 7.79e-07 1.94e-07 4.75e-08 1.04e-08 2.048

0.50 1.52e-05 3.79¢-06 9.45e¢-07 2.35¢-07 5.79e-08 1.37e-08 2.023

0.75 9.61e-06 2.40e-06 6.00e-07 1.49¢-07 3.64e-08 8.32e-09 2.034

comparison of exact and numerical solution the detailed picture

0.25
0.20
015
0.10

0.05 /

0.00

— __._‘_\ — Exact soluticn
- - 0254

™~ Numerical solution
™,

\

/ AN 0252
\

= 250

\
\ 0.248
\

— Exact solution

Numerical solution 0.246

0.0

0z 0.4 0.6 ok} 10 0.400 0425 0450 0475 0500 0525 0550 0575 0600
x x

(a) (b)

3-1a =0.5,N = 160 Bl (a) 7€ 1y = 1 AR SIEFHEREXTEL E

HA (b)(c)(d) HITHE LS B ml i 3-2, £ 3-3M% 3-445 0. Hd ) (b) A
Bl (c) Fo il A — 4 A 4 = 18] _EAME DR EAN T R AR A E B, B (d) 2
— AN EF R, BAND O TGN . AR KT LA H . AR
(1) — 254 IEAS 2UAE T 5% = A n) R &0 Bk 31 Bl il 2 1 AT I 1%
W IEAE IR H b o

T 3-26) (b) fE 1ty = 1 W L2 IRE (—HHERR)

a\N

10 20 40 80 160 320 %k

0.25

1.72e-05 4.10e-06 9.99e-07 2.47e-07 6.13e-08 1.53e-08 2.027

0.50

2.93e-05 7.12e-06 1.75e-06 4.34e-07 1.08e-07 2.69e-08 2.017

0.75

3.24e-05 7.72¢-06 1.92e-06 4.77e-07 1.19e-07 2.97e-08 2.018

= 3-360 (c) FE 1y = 1 B0 L2 1RE (—HHER)

a\N

10 20 40 80 160 320 4

0.25

1.72e-06  4.09¢-07 9.99e-08 2.47e-08 6.12¢-09 1.53e-09 2.027

0.50

2.72e-06  6.66e-07 1.64e-07 4.06e-08 1.01e-08 2.52e-09 2.016

0.75

3.60e-06 5.90e-07 1.46e-07 3.64e-08 9.08e-09 2.27e-09 2.126

19
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=346 (d)Ey =120 L2IRE (—EHERR)
a\N 10 20 40 80 160 320 M4
0.25 1.13e-05 2.71e-06 6.63e-07 1.64e-07 4.07¢-08 1.01e-08 2.025
0.50 2.20e-05 5.38¢-06 1.33e-06 3.29¢-07 8.20e-08 2.04e-08 2.014
0.75 2.81e-05 6.78¢-06 1.69¢-06 4.21e-07 1.05e-07 2.62¢-08 2.014

Bl (e) PIARSHAMAN ulx, D) = *x(1 — x), WR—ADIEF R, HitHL R b
& 3-5%5t, W UAE B — BB IERS SOA AR . 501 (d) 34T RS K
BLZSEG A S T f BI85 o DRI R0 A SCH HY ) — 2D IR A S e Sk
Xt 5 R A S T AR I PR AT — € PR R

=350 (e) iy = 1 MY L2 iRE (—HHERR)
a\N 10 20 40 80 160 320 %5
0.25 5.90e-05 2.49e-05 1.06e-05 4.53e-06 1.99¢-06 9.20e-07 1.201
0.50 3.28¢-05 1.18¢-05 4.28¢-06 1.61e-06 6.68¢-07 3.39¢-07 1.319
0.75 1.02e-05 3.18¢-06 1.06e-06 4.26e-07 2.43e-07 1.92¢-07 1.145

3.1.2  ZE]F5 RS R IE

HATEER DK v =10e-4, MBS L b = 274,27°,270,277,278, 277,
A — PR IER 3 (2-5) THEG] (b) EAFK o T oy = | I BUEMARSHE (Z
ERED) L2 R, DURAEE R (2) R I AR A 1A B A 200 T s RUEE
h —Briesi

2 3-6 5l (b) T 1y = 1 &LHY L2 iRZE (Galerkin HIRITH )
o\t 24 2-5 276 277 28 279 4
0.25 8.96e-05 2.24e-05 5.61e-06 1.40e-06 3.50e-07 8.68¢-08 2.002
0.50 6.79¢-05 1.70e-05 4.25¢-06 1.06e-06 2.65e-07 6.58¢-08 2.002
0.75 3.92e-05 9.82e-06 2.46e-06 6.14e-07 1.53e-07 3.80e-08 2.002

H13% 3-645 KA MAER [P E R, —DHr IR 2O T MR U h 2 B
sy, B2 T 2 B IR 2O T A RUEE h EB 2 i, X5 e (2) M4h
B

32 FHF CQ BIEEMINUTEL ML IR

N T PR BRA SR B — P A T M RE, BT A — D5
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- @
Or(Up —wp)" = (1 = E)AhUZ -
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